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ABSTRACT. Let K be a compact metric space. A homeomorphism f: K < is
expansive if there exists ¢ > 0 such that if x, y € K satisfy d(f"(x), f*(¥)) <
e for all n € Z (where d(-, ) denotes the metric on K) then x = y. We
prove that a compact metric space that admits an expansive homeomor-
phism is finite dimensional and that every minimal set of an expansive
homeomorphism is 0-dimensional.

A homeomorphism f of a compact metric space K is expansive if there
exists ¢ > 0 (called an expansivity constant for f) such that d(f"(x), f*(»)) <
¢ for all n implies x = y. This property has frequent applications in stability
theory, symbolic dynamics and ergodic theory. Specially interesting are
expansive homeomorphisms of 0O-dimensional spaces because they can be
embedded in shifts, or, in other words, they are equivalent to subshifts. In [1]
Bowen proved that hyperbolic minimal sets of diffeomorphisms are 0-dimen-
sional. Since the restriction of a diffeomorphism to a hyperbolic set is always
expansive, it is natural to ask whether minimal sets of expansive homeomor-
phisms are 0-dimensional. The purpose of this paper is to prove this property.

THEOREM. If f: K <> is an expansive homeomorphism of the compact metric
space K then dim K < oo and every minimal set of f is 0-dimensional.

Recall that a compact metric space has dimension < n if for all » > O there
exists a covering AU of K by open sets with diameter < r such that every
point belongs to at most n + 1 sets of A [2]. Moreover it is known [2] that K
is 0-dimensional if and only if it is totally disconnected i.e. if the connected
component of every point x is {x}.

Let us see an application of the theorem to the symbolic dynamics of an
expansive homeomorphism f: K «<>. Let & = {U,, ..., U,} be a covering of
K by open sets with diameter smaller than an expansivity constant ¢ of f. Let
2(f, AU) be the subshift associated to f and QU i.e. the set of sequences §:
Z > 9 such that N*2f~"(@,) # J. Endow =(f, AU) with the topology
induced by the space AUZ. Then =(f, U) is compact and since the diameter of
the sets in QU is smaller than ¢ we have a continuous map 7: Z(f, W) —» K
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defined by #(8) = N *2f~"(8,). Moreover if o: Z(f, A)« is the shift
homeomorphism we have fr = 7o.

COROLLARY. If A C K is a minimal set for f then w~'(A) contains a minimal
set Ay that is mapped homeomorphically onto A by =.

5 To prove the Corollary take a covering of A by disjoint open sets in A,

={V,, ..., V,} with diameters so small that there exists a function ¢:
c’lL - w1th the property @(¥;) D V; for all i. Consider the subshift 2, =
=(f/A, "?L) associated to f/A and C’?J, and the maps #: 2, - A defined by
#@) = N *2f7"(8,) and §: =, - Z(f, U) defined by $(f) = ¢ ° §. Now 7
is a homeomorphism because the sets in QL are disjoint and we have P = 7,
0§ = §o, where ¢ also denotes the shift homeomorphism of X,. Since # is a
homeomorphism then o¢: =, «> is a minimal homeomorphism (because f# =
#0). Hence ¢(Z,) is a minimal set for o: =(f, W) < and 7§(Z)) = 72, = A,.
Finally 7/ $(Z,) is one-to-one because #(8) = wp(8’) implies #(8) = #(6")
and then § = §".

1. The dimension of minimal sets. Let K be a compact metric space, with
metric d(-, -) and f: K< an expansive homeomorphism with expansivity
constant ¢ > 0. In this section we shall assume that dim K > 0 and we shall
prove that f cannot be a minimal homeomorphism.

If e > 0 and x € K, let W’(x), W}(x) be the local stable and unstable sets
defined by:

Wi(x) = {y € K|d(f"(x),f"(y)) <eVn >0},

Wi(x) = {y € K|ld(f~"(x),f7"(y)) <& Vn > 0}.
Fix0<e<c/2

The idea of the proof is the following: using the expansiveness we show

that for some x € K there exists a compact connected set Ay C W;(x) with
diam(Ay) = ¢ > 0. Then we prove that some power f~™ of f expands every
compact connected set A with diam(A) = ¢ contained in a local stable set.
More precisely diam f ~™(A) > 3c. Using this we show that f~™(A) contains
two compact connected sets A’, A”, contained in local stable sets, with
diam(A’) = diam(A”) = ¢ and satisfying inf{d(x, y)|x € A’,y € A"} > ¢/2.
This property contradicts the minimality of f™ because if we take an open set
U with diam(U) < c¢/2 then either Ag or Ag (where Ag, Ag are related to A,
as A’, A” to A in the previous explanation) does not intersect U. Suppose
Ay N U = &. Define A; = Ag. Again A or A} does not intersect U. Suppose
A’ N U= and define A, = A}. Using this method we find Ay, A, ...
such that f~™(A) D A;,,and A, N U=@. Letx € N ;5 F™(A)). Then the
backwards orbit of x under f™ does not intersect U; hence K is not minimal
for f™. In order to prove that K is not minimal for f we shall follow the same
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idea being more careful in the choice of U in order to make possible the
construction of the sequence A; satisfying f “(Aj) NU=Yforall0<i<
m. The existence of the initial set Ay is proved in Lemma III and the
expanding property in Lemma IV.

LEMMA 1. For all r > O there exists N > 0 such that
(Wi (%) c W(f'(x), fT(WA(x)) c Wr(f"(x))
forall x € K,n > N.

Proor. If the lemma is false we can find sequences x,, y, € K, m, >0
such that y, € W’(x,), limm, = + o and d(f™(x,), f™(y,)) > r. Since
Yo € W:(x,) we have d(f*(f™(x,)), f*(f™(y,)) < ¢ for all —m, < n. Then if
x, —> x, y, >y when n— + oo we obtain that d(f"(x), f*(»)) < ¢ for all
n € Z. Moreover d(x, y) = lim d(f™(x,), f™(y,)) » r thus contradicting the
expansivity.

Now define the stable and unstable sets W?(x), W*(x) as

wWi(x) = Uo U (X)), WH(x) = U0 AU A A7)
n> n>
By Lemma I we have:

We(x) = {y € K|_lim_ d(f"(x).1"(»)) = 0},
w(x) = (y € K| lim d(f~"(x),f~"(»)) = 0}.

LemMA I1. If for some x € K and m > 0 we have f"(W*(x)) N W*(x) + D
then K contains a periodic point.

PROOF. Suppose f"(W?*(x)) N W*(x) # &. Take y € W*(x) N fM(W*(x)).
Let z = f~™(y). Then f™(z) € W*(x) = W?*(z). Therefore
lim,_, . d(f"(f™(2)), f*(z)) = 0. Suppose that for some subsequence m, we
have that f™(z) converges to some w € K. Then

d(w, f"(w)) = lim d(f"(f™(z)), f™(2))
= lim d(f™(f™(2)), f™(z)) = 0.

Define =5(x), Z5(x) as the connected components of x in W;(x) N B;(x)
and W}(x) N Bs(x) respectively, where Bs(x) = {y/d(y, x) < 8}. Let Sg(x)
= {y/d(y, x) = 8}.

LemMA III. There exists € > r > 0 such that if 0 < 8 < r there exists a € K
such that Zj(a) N Ss(a) # D or Z§(a) N Sg(a) # 2.

PrOOF. Let = (x) be the connected component of x in B,(x). Since
dim K > 0 we can find x € K and r > 0 such that S (x) N S,(x) # . If
0 < & < r it follows that Z;(x) N Ss(x) # . Suppose that for some 0 < § <
r we have Zj(y) N Sy(y) = D for all y. We shall prove that there exists
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a € K such that =j(a) N Ss(a) # J. To find a we shall construct a family of
compact connected sets A,, n > 0, and a sequence of points x, € A, such
that for some sequence of integers m, > 0 they satisfy the following condi-
tions:

M f7™(x) = Xps15

@S (A) D Ay

B) A, N Ss(x,) + I

@ f"(A,) C B(S"(x) O <n <m,_,.
Once the sets A, are constructed the lemma follows easily taking a = lim x,,
and defining A as the set of points y € K such that y = lim y, for some
sequence y, € A,. Then A is connected and from (4) follows that A C W;(a).
By (3) A N Ss(a) # . Hence the connected component of a in A intersects
Ss(a). Therefore the same thing is true for =j(a) because A C W;(a). To
construct the sets A, start taking Ay = Z;(x). Suppose Ay, Ay, ..., A,_; is
constructed. If A, _, is the connected component of x,_, in By(x,_,) N A,_,
then

A,y S(x,_)) * D
(because A,_, is connected) and A,_, cannot be contained in WX(x,_,).
Hence there existsy € A,_; \ W(x,_,). Then for some m > 0 we have
sup{d(f~"(2), f~"(x,_ )|z € A1} > d(fT"(¥),f " (x,_1)) > e

and we can suppose that:

sup{d(f(2), f /(x,-))lz €A,_,,0 < j <m} <e. 0)

Let A, be the connected component of x, = f""(x,_,) in Bg(x,) N
f~™(A,_,)- Since f~™(A,_,) is connected we obtain that A, N Sy(x,) # I
thus proving (3). From (0) follows that A, satisfies (4).

LEMMA IV. For all 0 < 8 < & there exists N > 0 such that for all x € K and
y € WS(x)with d(y, x) = & there exists 0 < n < N satisfying

d(f"(»), f7(x)) > e
ProoF. If the lemma were false there would exist sequences x, € K,
Y. € Wi(x,) such that d(x,, y,) = & and if j <n, d(f7/(x,), f(y,) <e.
Then if x, - x, y, > y it is easy to check that x #y and d(f"(x), f(»)) < e
foralln € Z.

LEMMA V. There exists 8, > 0 such that W;(x) N Bs(x) = W3, (x) N By(x)
forall x € K,0 <8 <4,

Proor. If the lemma is false there exist sequences x,, y, € K such that
d(x,, y,) =0, and y, € W;,(x,). Hence for some m, > 0 we must have
d(f™(x,), f™y,) >¢ and m, - + . We also have d(f"(f™(x,)),
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" (f™(y,)) < 2¢ for all —m, < m, because y, € W;,(x,). Then if f™(x,) >
x and f™(y,) = y when n — + oo we conclude that d(x, y) > ¢ and d(f™(x),
f™(»)) < 2¢ for all m € Z thus contradicting the expansivity of f.

Now define the constant & = inf{d(x, y)|d(f~'(x), f~'(y)) > €}.

LEMMA VI. For all 0 < § < min(8,, £/3) (where &, is given by Lemma V)
there exists N = N(8) > O such that if x € K and A C W;(x) is a compact
connected set containing x and intersecting Ss(x) then there exist 0 <m < N,
points a, B € f~™(A) and compact connected sets A, Ag satisfying:

@a €A, B EAg,a € W;(B);

() A, N Sy(a) = D, Ag N Ss(B) + D5

(c) inf{d(z, w)|z € Bs(a), w € Bg(B)} > §;

(d) A, C Wi(a) N By(@), Ay C WI(B) N By(B).

PrOOF. Take N = N(8) given by Lemma IV. Since Sy(x) N A # I, by
Lemma IV there exists 0 < m < N such that

sup{d(f‘(”'*')(z),f‘(”'“)(x))|z € A} >
and we can suppose:
sup{d(f~(z),f7(x))Ix EA,0<j<m} <e
Hence f~™(A) ¢ W (f~™(x)) and then:

F7M(A) € Wi (w) 1
for all w € f~™(A). Moreover by the definition of € we have diam f ~™(A) <
&. Then we can find points a, 8 € f~™(A) such that Bg(a), By( B) satisfy (c)
(here is used the property 38 < &). Let A,, Az be the connected components
of a and B in f~™(A) N Bs(a), f~"(A) N By(B) respectively. Since f~™(A) is
connected, contains a and B, and a & By(fB), B & Bs(a), it follows that
A,, Ag satisfy (b). By (1) @ and B satisfy (a) and A, C By(a) N W3 (a),
Ag C By(B) N W3 (B). Hence, by Lemma V, A, Ag satisfy (d).

Now we are ready to prove that f cannot be a minimal homeomorphism.
Take 0 < § < min(8y, £/3, r) (r given by Lemma III) and define:

ry = inf{d(f(x), f/(»))lx € Wi (»), d(x,y) > §,
0<j<N(8),0<i<N(8)}
where N(8) is as in Lemma VI. Using Lemma II it is easy to see that this
number is positive, otherwise we should have sequences x,,y, € K, n > 0,
Yn € Wi(x,), d(x,, y,) > 8,0 < j, < i, < N(8) such that d(f(x,), f(y,)) -
0 when n — + oo. We can suppose that x, — x, y, -y when n - + oo and
that j, = j, i, = i for all n > 0. Then y € Wj,(x), d(y, x) > § and fi(x) =
fi(y). Hence j #i and f/~{(W*(x)) N W*(x) # <. This, by Lemma II, im-
plies that K contains a periodic point. So we can assume r; > 0. We shall
show that r, > 0 also contradicts the minimality of K by showing the
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existence of an open set U and a point p such that f*(p) & U foralln > 0.

First we construct a family of compact connected sets A,, n >0, a
sequence of points x, € A, and an open set U C K such that:

(a) An n Ss(xn) * Q;

() A, C W(x,);

(c) For some 0 < m, < N(8),f~™(A,) = A, .5

@f7A)N U=Dforall0<j<m,
By Lemma III we can suppose that 33(a) N Ss(a) for some a € K (because
8 < r). Define x, = a, Ay = Z3(a) and take an open set U with diameter
<r/2,and U N Ay = . Suppose that we constructed Ag, A, ..., A,_,. To
find A, we apply Lemma VI obtaining two compact connected sets A,, Ag
such that defining A, as one of them, properties (a), (b), (c) would be
satisfied. In order to satisfy condition (d) observe that by the definition of 7,
and the fact that the diameter of U is < r,/2 then if U N (UJof (A,)) #*
@& (m being the number given in Lemma VI) then U N (UJLof 7(Ap)) = &
and we chose A, = A,. Finally define p = N 0/~ "(A,) where N, =
25 _om. Clearly f"(p) & U for all n > 0, thus proving that X is not minimal.

2. The dimension of K. Let f, K be as in §1. Here we shall prove that
dim K < 0. Let, as in §1, ¢ > 0 be an expansivity constant for f. Fix
0<e<c/2

LEMMA. There exists 8 > 0 such that if x,y € K, d(x,y) < 8, and for some

n > 0 satisfy e < sup{d(f/(x), F(»)|0 < j < n} < 2¢, then d(f*(x), f(y)) >
8.

ProoF. If this property is false we can find sequences x,, y, € K, m, > I,
> 0 such that d(x,, y,) - 0, d(f™(x,), f™(y,)) > 0, d(f*(x,), f(y,)) > € and
sup{d(f™(x,), f"(¥)I0 < m < m,} < 2e. Suppose that f+(x,) — x and f*(y,)
— y. Then d(x, y) > € and d(f*(x), f"(y)) < 2eforalln € Z.

LemMA I1. For all p > O there exists N = N(p) such that d(x,y) > p implies
that sup{d(f"(x), /")l |n] < N} >e.

ProoF. If the property is false there exist sequences x,,y, € K with
d(x,,y,) > p and such that sup{d(F(x), F(»))| |j| < n} <e. Then if x, - x,
Y, =y, we obtain d(x, y) > p and d(f"(x), f*(y)) < eforalln € Z.

To prove that dim K < oo take a covering {U;|1 <i </} of K by open
sets with diameter < 8, & as in Lemma I. We claim that dim(K) < /2 — 1. To
prove this for each n > 0 choose 8, > 0 such that d(x,y) < 8, implies
d(f(x), F(»)) <e for all |j| <n. Let U = fA(U) N f~"(U) and let UJ¥,
1 < k < k(i, j, n), be the §,-components of U, i.e. the equivalence classes of

U/”; under the relation x ~ y if there exists a sequence x = xp, Xy, ..., X, =y
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such that d(x,, x,,,) <§,foral0<r<p-landx, € UJforall0<r <
p. Observe that the sets U,:'," are open and cover K. We have that:

i, (svp diam U*) = 0 ®
because otherwise we could find p > 0 and large values of n, say n > 2N(p),
N(p) given by Lemma II, such that in some U,.'}" there exist x,y with
d(x,y) > p. Let x=x, x,...,x, =y a sequence in UJ such that
d(x,, x,,,) < 8, for all 0 < r < p. Define S, = sup{d(f"(x,), f"(%Xy)| |m| <
n}. By Lemma II S, > ¢ and by the choice of §, S, <e and |S,,, — S,| <e
for 1 < r < p. Take r such that s, <e if ¥ <r and s, > €. Then s, < 2e.
Therefore the points x = x, and x, satisfy d(f~"(x), f~"(x,)) < § because
f7(x), f7"(x,) belong to U, and d(f"(x), f*(x,)) <& because f"(x), f(x,)
belong to U;, and e <s, = sup{d(f™(x), f™(x,))| |m| < n} < 2¢ thus con-
tradicting Lemma 1. Then (2) is proved and it remains to show only that for
each n, every point of K belongs at most to /2 sets of the covering {U,{';"II <i
<1l 1<j<I 1<k <k(,j)}. Suppose that N{U |l <m <s} # 3.
Then (ip»Jim) = (im> Jr) implies that Ul = UM because they are both
8,-components of U ; and have nonempty intersection.

This means that to different values of m correspond different values of the
couple (i,,, j,,)- Therefore s < m>.
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